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Breakup of Annular Viscous Liquid Jets in Two Gas Streams

Jihua Shen* and Xianguo Lit
University of Victoria, Victoria, British Columbia V8W 3P6, Canada

Linear stability theory is applied to study the breakup process of an annular viscous liquid jet exposed
to both inner and outer gas streams of unequal velocities; The absolute liquid and gas velocities are
considered in this temporal instability analysis. It is found that not only the velocity difference across
each interface, but also the absolute velocity of each fluid is important for the jet instability, although
the effect of absolute velocity is secondary compared with that of relative velocity. A high-velocity co-
flowing gas stream is found to significantly improve atomization performance. A high-velocity gas inside
of the annular liquid jet promotes the jet breakup process more than the gas of equivalent velocity outside
of the jet. For equal liquid and gas velocities, surface tension, liquid, and gas density exhibit effects on
wave growth rates different from those when a velocity discontinuity is present across interfaces. However,
the viscous damping effect on jet instability always exists for the cases with and without velocity differ-
ences at high Weber numbers. The liquid inertia, density ratio, and high gas velocity all contribute to
better atomization performance, whereas surface tension and liquid viscosity increase the resulting droplet
size.

a + 2

Nomenclature
a - dimensionless inner radius, a*/h
a* = inner radius of annular sheet, m
b = dimensionless outer radius, b*lh\
b* = outer radius of annular sheet, m
h = reference length scale, m, (b* — a*)/2
70, A = modified Bessel function of the first kind of order

0 and 1
i = imaginary number, \^—l
KQ, KI = modified Bessel function of the second kind of

order 0 and 1
k = dimensionless wave number, ah
P, P = pressure of perturbed and base flow, N/m2

p = pressure change induced by perturbation, N/m2

p = initial amplitude of pressure p, N/m2

Re = Reynolds number, U*h/Vq
t = time, s
U = dimensionless axial velocity of base flow, U*/U*
U* = axial velocity of base flow, m/s
(7, U = velocity vector of perturbed and base flow, m/s
u = change of velocity vector induced by perturbation,

m/s
u = initial amplitude of velocity u, m/s
We = Weber number, p}jU$2h/cr
a = wave number, 1/m
e = initial amplitude of disturbance, m
rj = displacement of interface from its initial

equilibrium position, m
A = wavelength, m, 2ir/a
IJL = dynamic viscosity, kg/m • s
v = kinematic viscosity, m2/s
p = density ratio, pg/py
pn = density, kg/m3

a = surface tension, N/m

a*
= wave frequency, 1/s
= dimensionless wave frequency, £lh/U*
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Subscripts
g = both inner and outer gas medium
i = imaginary part of a complex variable
ig = inner gas medium or at inner interface
Ij = liquid jet
* = & IJ
og = outer gas medium or at outer interface
r = real part of a complex variable

Introduction

THE breakup process of an annular liquid jet (or sheet) in
moving gas streams is of practical significance for twin-

fluid, such as air-assist or air-blast, atomization. By exposing
a relatively slow-moving liquid sheet to high- velocity air (or
gas) streams, the growth of disturbances at the gas -liquid in-
terfaces is enhanced to cause the liquid jet to breakup more
rapidly into ligaments and then droplets, forming a spray.1 The
rate of disturbance amplification is mainly because of the com-
plex influence of surface tension force and aerodynamic inter-
action between the liquid and gas phases. This type of liquid
atomization process is widely used in many practical power
generation and propulsion systems. However, the fundamental
understanding of the mechanism of atomization is still far from
complete. The primary objective of this work is to investigate
the fundamental mechanism of the interfacial instability of an
annular viscous liquid jet subject to both inner and outer gas
streams of unequal velocities.

Some works have been carried out to study the breakup
process of an annular liquid jet. Crapper et al.2 analyzed the-
oretically the instability of an inviscid annular liquid sheet
moving in an inviscid stationary gas medium. The temporal
wave growth rates were obtained for two unstable wave
modes, paravaricose (symmetric) and parasinuous (antisym-
metric), with the approximation of very thin liquid sheets.
Meyer and Weihs3 investigated the capillary instability of a
static viscous liquid sheet in a moving gas stream with a par-
ticular type of disturbance by assuming the amplitude ratio of
initial disturbances at the outer interface to that at the inner
interface is equal to the ratio of the inner-to-outer radii of the
jet. The instability of a stationary viscous annular liquid sheet
with unequal gas velocities for the inner and outer gas streams
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was formulated by Lee and Chen.4 Two dispersion relations
corresponding to each interface were derived. However, only
cases for inviscid liquids were examined in their study.

Recently, a temporal instability analysis was carried out for
an annular viscous liquid jet moving in an inviscid gas medium
at rest.5 Three limiting cases of a round liquid jet, a gas jet,
and a plane liquid sheet were recovered with appropriate ge-
ometric approximations to the annular jet. It was found that
the parasinuous mode of unstable waves outgrows the para-
varicose mode at large Weber numbers of practical importance
as in liquid atomization. Here, the Weber number is defined
as the ratio of liquid inertial force to capillary force. Liquid
viscosity has a complicated dual effect on the jet instability.
For a thin annular liquid sheet at low Weber numbers, liquid
viscosity destabilizes an additional range of wave numbers be-
yond those corresponding to the aerodynamic instability, and
may even become dominant under certain flow conditions,
very similar to a thin plane liquid sheet.6 For most practical
applications where the Weber number is usually large, liquid
viscosity reduces the jet instability. It was also found that the
presence of an ambient gas always promotes the breakup pro-
cess of the jet when there is a velocity discontinuity across
liquid-gas interfaces, and there exists a critical Weber number
below which surface tension is a source of instability. Whereas
above it, aerodynamic interaction between the liquid and gas
phases promotes the instability development, and surface ten-
sion has a stabilizing effect on the jet. This is similar to the
breakup of a round liquid jet,7 where the surface tension has
dual effects-destabilizing in the Rayleigh breakup regime and
stabilizing in the atomization regime. However, as will be
shown later, both gas-to-liquid density ratio and surface ten-
sion have different effects on the jet instability when the gas
and liquid velocities are equal, as compared with the case of
a moving liquid jet in a stationary gas medium.

As mentioned earlier, in twin-fluid atomization a high-ve-
locity gas stream is often utilized to promote the breakup of
liquid jets and enhance significantly the mixing of liquid with
gas. The experiments for plane liquid sheets exposed to high
velocity coflowing gas streams,8'9 and for an annular liquid
sheet subject to only inner gas stream,4'10 indicate that using
high-velocity gas on one or both sides of liquid sheets en-
hances considerably the breakup processes of the liquid sheets.
However, in all of the existing theoretical studies,2'4 either
stationary liquid or gas is considered. This study attempts to
examine the effect of unequal inner and outer gas velocities
on an annular jet breakup process. Since the Galilean trans-
formation of coordinate often changes the characteristics of the
temporal-spatial evolution of unstable waves,11'12 the absolute
velocities of both liquid and gas phases should be taken into
account, as Li did in a temporal instability analysis of a plane
liquid sheet in gas streams of unequal velocities.13 He found
that at high Weber numbers, it is the velocity difference across
each interface that determines the temporal wave growth rate
rather than the absolute velocities. However, at low Weber
numbers, it is the absolute value of liquid and gas velocity,
rather than the relative velocity, that controls the instability
process. For an annular liquid jet, because of the different cur-
vatures of two interfaces, the same gas stream applied to the
inner interface has a different effect on the jet instability than
that at the outer interface, as shall be shown later.

In this study, a linear instability analysis has been carried
out for an annular viscous liquid jet moving in gas streams of
unequal velocities. The dispersion relation and the amplitude
ratio of initial disturbances at the two interfaces are derived,
and results are presented for temporal mode of unstable waves.
The effects of various inner and/or outer gas velocities and
coflowing gas streams are examined under the given flow con-
ditions (Reynolds number, Weber number, and gas-to-liquid
density ratio). The effects of gas-to-liquid density ratio, liquid
viscosity, and surface tension are also investigated with and

without a velocity discontinuity across the liquid-gas inter-
faces.

Instability Analysis
Small disturbances are assumed in the derivation of the dis-

persion relation and the equation for the amplitude ratio of
initial disturbances at two gas-liquid interfaces by considering
unequal gas velocities on both sides of an annular viscous
liquid jet. As shown in Fig. 1, the annular jet is assumed semi-
infinitely long and with inner radius a*, outer radius &*, con-
stant density py, and viscosity /xy. The jet moves at a uniform
axial velocity £/* with its two sides exposed to inviscid gas
streams of velocity U* inside of the jet and Ufg outside of the
jet. The gas density is denoted by pg. Both gas and liquid
velocities are presumed to be small compared with the velocity
of sound. Therefore, both gas and liquid can be considered
incompressible. Furthermore, gravity is neglected. The pres-
sure field is constant within the liquid and gas phases, respec-
tively, and it has a jump across the two liquid-gas interfaces,
because of the effect of cr. When disturbances set in, resulting
in the interface deformation and deviation away from the equi-
librium configuration of the annular liquid jet, the flowfield is
disturbed with the perturbed flow velocity u and pressure p
superimposed on the base flow velocity U and pressure P.
Then, in a cylindrical coordinate system (z, r, 0), the perturbed
flowfields become

Un=Un + !*„, Un = (Um Vn, 0), Pn = Pn+ Pn (1)

where the subscript n = Ij, ig, and og corresponds to the liquid
jet, the inner, and outer gas streams, respectively. The base
flow quantities are given by

#« = (!/{?; 0, 0), Uig = (Oft 0, 0), Uog = (I/*, 0, 0)

Py = Pig ~ cr/0* = Pog + <r/b*

The equations governing the motion of the perturbed flow
are the conservation of mass and momentum, which become,
upon linearization,

(2)

(3)pn + U* un = -VP

The boundary conditions that the solutions of the previous
governing equations have to satisfy are the kinematic and dy-
namic conditions at the inner and outer interfaces, which are
represented by r = a* + rjig(z, f) and r = b* + r]og(z, t), re-
spectively. In linear stability theory, these conditions need not
be applied at the disturbed liquid -gas interfaces. Rather, they
can be linearized in the same manner as done previously for
the governing equations. Then the linearized boundary con-
ditions can be applied at the unperturbed interfaces. Because
the interfaces are material surfaces, the kinematic boundary
conditions at r = a* and r = b* are, respectively,

dt dz and

dt dt

(4)

(5)

The dynamic condition implies that the shear stress must
vanish at the interfaces because of the inviscid assumption for
the gas phase, and normal stresses across the interfaces must
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liquid jet

Fig. 1 Schematic of annular liquid jet.

be continuous with allowance for the effect of a. Mathemati-
cally, these conditions can be expressed as follows:

(at r = a* and r = fc*) (6)

(7)

(8)

Further, in the ambient gas phase, the effects of disturbances
should physically remain bounded, whether it is at the center-
line or far away from the liquid jet. That is,

uig and pig bounded as 0

«og and pog bounded as r —> «>

(9)

(10)

The solutions to the governing equations are sought in terms
of the normal mode in the following form:

(un, pm 77lg, 7jog) = [un(r\ pn(r\ eig, eog]exp(Ilf (11)

where n = Ij, ig, and og, elg and eog are the amplitudes of initial
disturbances at the inner and outer interfaces, and are regarded
to be much smaller than the inner and outer radius as well as
the thickness of the annular liquid jet. The axial wave number
of the disturbance a is related to the disturbance wavelength
A by the relation a = 27T/A. The complex frequency fl has a
real and imaginary part. The real part Hr represents the rate of
growth or decay of the disturbance with time, the imaginary
part fl, is equal to 27T times of the disturbance frequency, and
—£li/k represents the wave propagation velocity of the distur-
bance.

Substituting Eq. (11) into the governing differential equa-
tions [Eqs. (2) and (3)], yields the required general solution
with a set of unknown integration constants, which can be
determined by the boundary conditions [Eqs. (4-6), (9), and
(10)]. Then, the balance of normal stresses at the two inter-

faces, Eqs. (7) and (8), leads to the following dispersion re-
lation between the complex eigenfrequency and disturbance
wave number, in dimensionless form:

*2)2A,A4 + 4*3/A3A6 + — -3 -

ikUlf)'

f r k i \ \
X j (/2 + *2)2A2A4 - 4*3/A3A5 + — ( p - k2 }

2k 1!e2 + — Re(o> + ik) }b J
1 \(12 + • A4 - 4k3l -I- (12)

As a part of the solution, the amplitude ratio of the initial
disturbances at the inner and outer interfaces becomes

a[(l2 + *2)2AjA4 + 4*3/A3A6 - ik)

(13)

or

(I2
4/& - 4*3A3

b[(l2 + *2)2A2A4 - 4^3/A3A5 -

(14)

where

= Re2 \^r 4 -

A2

A3

A4 =

A5 =

A6 = -

Results and Discussion
The temporal linear instability analysis is carried out to ex-

amine the effects of various inner Uig and/or outer gas veloc-
ities t/og, as well as fluid properties on the jet instability. By
using Muller's method,14 the dispersion relation [Eq. (12)] is
solved for temporal modes of unstable wave growth rate o>r,
the positive real part of complex wave frequency representing
the degree of jet instability. Similar to our earlier study of
liquid jets in stationary gas medium,5 two families of unstable
solutions, parasinuous and paravaricose, are obtained. The re-
sults shown here are all for a fixed nozzle geometry of a =
40.12 (and, hence, b = 42.12), which corresponds to an annular
nozzle of 2a* = 9.525 X 10~3 m and 2fc* = 10 X 10~3 m used
in the experiment of a water- air system in our laboratory.
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These nozzle dimensions are comparable with those of other
recent studies, such as that of Ramamurthi and Tharakan.15

Effects of Inner and Outer Gas Velocities
Figure 2 shows a)r for different velocities of Uig with sta-

tionary outer gas medium (Uog = 0). It is seen from Fig. 2a
that the growth rate for parasinuous disturbances decreases
along with the dominant wave number as the inner gas velocity
increases from 0 to 1, or the velocity difference (A£/ig = \Uig
— 11) between the gas and liquid phases as the inner interface
decreases from 1 to 0. Further increase in Uig up to 2 causes
a)r to increase, since the velocity difference A£/ig increases
from 0 to 1. The unstable wave number range does not change
significantly for 0 ^ Uig < 2. When Uig is larger than 2, cor
increases considerably while the dominant wave number in-
creases relatively slowly. Clearly, the velocity difference across
the interface enhances the jet instability and extends the un-
stable wave regime to higher wave numbers. However, it is
seen that the growth rate at a higher gas velocity (e.g., Uig =
1.7) is larger than that at a lower one (e.g., Uig = 0.3), even
though the velocity difference across each interface is the
same. Hence, it indicates that not only the velocity difference
across each interface, but also the absolute gas and liquid ve-
locity themselves affect the breakup processes of annular liq-
uid jets. Calculations of disturbance energy, similar to that of
Li13 and Lin and Creighton,17 implies that a shift in the dis-
turbance frequency and phase angle of gas pressure fluctua-
tions6 is responsible for this behavior.

As for the paravaricose mode (Fig. 2b), (or also increases
with A£/ig, but approaches a certain limit. This indicates that
when the gas velocity is sufficiently large, a further increase
in the gas velocity has little effect on the growth rate of the
paravaricose mode. This is because the paravaricose mode, as
shown by Li13 for plane liquid sheets, is always related pri-

(x10~3)

0.02 0.04
k

0.06 0.08

(xlO"4)
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0.01
b)

0.02
k

0.03 0.04

Fig. 2 Wave growth rate for different velocities of inner gas
stream with stationary outer gas medium, a = 40.12, Re = 4112,
We = 19.25, p = 0.00129, and U^ = 0: a) parasinuous and b)
paravaricose mode.

marily with the smaller of the two velocity differences across
the two interfaces, whereas the parasinuous mode is always
associated with the larger velocity difference across the inter-
faces. It is also seen from Fig. 2 that the unstable wave growth
rate for the parasinuous mode is approximately two orders of
magnitude larger than that for the corresponding paravaricose
mode, indicating that, in practice, the parasinuous unstable
waves will outgrow paravaricose ones and predominate the jet
breakup processes. However, it is known that the paravaricose
mode becomes more important as the gas-to-liquid density ra-
tio p increases. As Rangel and Sirignano16 show for a plane
liquid sheet, the growth rates for both modes become com-
parable at p = 0.25, and the paravaricose mode becomes dom-
inant at p = I . For the present problem, the parasinuous mode
has a much larger growth rate than the corresponding para-
varicose mode for the density ratio up to about 0.1, which
corresponds to the conditions in rocket engines and is probably
the highest density ratio that may be encountered in practical
applications. Therefore, only parasinuous solutions will here-
after be presented.

When the inner gas stream is stationary (Uig = 0), but Uog
is varied, a)r exhibits the same trends as discussed previously.
The comparison of these two sets of parasinuous growth rates
are shown in Fig. 3 at low and high gas velocities, respectively.
At low gas velocities (Uig ^ 2 or Uog < 2), it is seen from
Fig. 3a that o>r, shown by the dashed curves for Uig = 0, is
larger than that given by the solid curves for Uog = 0 for a
comparable gas velocity on the other side of the liquid jet. For
either Uig ^ 2 or Uog ^ 2 and the gas on the other side of the
liquid jet stationary, Fig. 3b shows that a)r for Uog = 0 is larger
than that for Uig = 0. From both Figs. 3a and 3b, it is seen
that the larger wave growth rate always occurs when the ve-
locity difference across the inner surface (At/ig = \Uig — l|)
is larger than that across the outer interface (A Uog = \Uog -

(X10"3)

0 0.01 0.02 0.03 0.04 0.05
a) k

b)

Fig. 3 Wave growth rate of the parasinuous mode for different
velocities of gas stream on either inner or outer side of the jet.
a = 40.12, Re = 4112, We = 19.25, and p = 0.00129: a) low and
b) high gas velocity.
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11). This implies that to promote jet instability, a gas stream
applied to the outer interface is more effective than when ap-
plied to the inner surface when the gas velocity is less than
twice the liquid velocity, whereas the gas stream with a ve-
locity higher than twice the liquid velocity should be exposed
to the inner interface. This may explain why the airstream in
practical air-assisted atomization is sometimes supplied inside
of the liquid jet, and sometimes outside of the jet. It is also
interesting to see from Fig. 3b that the tailing portion of the
growth rate curve at higher wave numbers increases with the
gas velocity, and exceeds the leading portion at lower wave
numbers when the gas velocity is approximately higher than
6. This indicates that the dominant wavelength may not de-
crease smoothly with the gas velocity, rather it may have a
sudden decrease under certain flow conditions, e.g., at Ua of
about 6 for the present case. Therefore, the corresponding drop
size may suddenly decrease significantly as the gas velocity is
gradually increased.

The initial amplitude ratio shown in Fig. 4, calculated from
Eqs. (13) or (14) under the same conditions as those for the
wave growth rate in Fig. 3, shows that at larger wave numbers,
the initial amplitude at the inner interface eig is larger than that
at the outer interface eog for Uig > Uog, whereas eog is larger
than eig for Uog > Uig. This implies that the larger initial am-
plitude occurs at the interface that is subject to a gas stream
of higher velocity compared with the other side of the jet for
short waves. Note that this result is obtained for the case where
only one interface is exposed to a moving gas stream. At
smaller wave numbers, the initial amplitude ratio (eig/eog) or
(fiog/fiig) approaches a fixed value,5 which is the limit of Eq.
(13) as the wave number k —» 0:

1
a [1 - - b2/a2)]

When the gas- to-liquid density ratio is much smaller than 1
and (bid) is of order of 1, (eig/eog) approaches (bla\ i.e., 1.05
for the present case.

To examine the effect of a coflowing gas stream on the jet
breakup process, the parasinuous wave growth rate is shown
in Fig. 5, for various gas velocities on both sides of the liquid
jet. For comparison, the growth rate from a single gas stream
on the inner side of the sheet is also shown in Fig. 5. It is
obvious from Fig. 5a that the coflowing gas stream increases
the wave growth rate significantly as compared with a single
gas stream. It especially shifts the dominant wave to shorter
wavelengths. This indicates that using coflowing air in air-
assisted atomization is beneficial for the improvement of the
atomization performance compared with a single airstream
when the air velocity is at least three or four times larger than
the liquid velocity (Fig. 5a). When the dimensionless gas ve-
locity is lower than 2, as shown in Fig. 5b, the coflowing gas

Fig. 4 Amplitude ratio of initial disturbances at the inner and
outer interfaces for the parasinuous mode under the same con-
ditions as in Fig. 3b.
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Fig. 5 Wave growth rate of the parasinuous mode for different
velocities of gas streams on one side and both sides of the jet. a =
40.12, Re = 4112, We = 19.25, and p = 0.00129: a) high and b) low
gas velocity.
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0.05 0.10 0.15 0.20 0.25

Fig. 6 Effects of velocity difference between inner and outer gas
streams on the parasinuous wave growth rate for a = 40.12, Re =
4112, We = 19.25, and p = 0.00129.

stream has little effect on the wave growth rate. Hence, it is
less attractive for practical applications at low gas velocities.

Shown in Fig. 6 is the wave growth rate with the same
velocity jump across each interface, but distinct velocity dif-
ference (Ud = Uig — Uog) between two gas streams for each
pair of curves. It is seen that the growth rates for each pair of
curves are almost the same, indicating that it is the velocity
discontinuity across each interface that mainly determines the
growth rate. The small difference shown is because of the dif-
ferent outer gas velocities (Uog = 0 for solid curves and Uog =
2 for dashed curves), implying also that the breakup of the
annular liquid jet depends on not only the velocity difference
across each interface, but also the absolute velocity of each
liquid and gas stream. Similar effect of absolute velocity has
been found for the instability and breakup of plane liquid
sheets13 and cylindrical liquid jets.17 However, it should be
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(xKf4) 0.3

a)
0.005 0,01 0.015 0.02 0.025

k

Fig. 7 Density effects on the parasinuous wave growth rate for
a = 40.12, Re = 1000, and We = 1000: a) without velocity discon-
tinuity, l/,g = l/og = 1 and b) with velocity discontinuity, Ulg = 0
and Uog = 1.

(X10"3)

0.015 0.02 0.025

Fig. 8 Viscous effects of liquid on the parasinuous wave growth
rate without velocity discontinuity, a = 40.12, We = 500, p = 0.001,
and l/lg = l/og = 1.

pointed out that the effect of absolute velocity is relatively
small and at best secondary, compared to that of velocity dif-
ferences across the interfaces.

Effects of Various Flow Parameters
The parasinuous wave growth rates shown in Figs. 7-9 il-

lustrate the effects of gas-to-liquid density ratio, liquid viscos-
ity, and surface tension on the breakup process of an annular
viscous liquid jet at fixed jet radii (a = 40.12 and b = 42.12).

Figure 7 shows the growth rate at Re = 1000, We = 1000,
and different density ratios of gas-to-liquid. It is found that
without velocity discontinuity at the gas-liquid interfaces (Fig.
7a), increasing liquid density or decreasing gas density pro-
motes the jet breakup process, an effect opposite to the result

0.2
(Dr

0.1

0.005 0.01 0.015 0.02 0.025
a)

0.02

cor
0.01

We=500

aoo

b)
0.1 0.2 0.3 0.4 0.5

k
Fig. 9 Surface tension effects on the parasinuous wave growth
rate for a = 40.12, Re = 1000, and p = 0.001: a) without velocity
discontinuity, l/te = £/og = 1 and b) with velocity discontinuity,
UK = 0 and l/og = 1.

with the velocity discontinuity as shown in Fig. 7b. This im-
plies that the presence of a gas medium would suppress the
jet instability for the special case of Uig = Uog = 1. However,
it enhances the jet instability when there is a velocity differ-
ence between the liquid and gas phases,5 as for a cylindrical
liquid jet.18

To examine the viscous effects of liquid, the wave growth
rate with various Reynolds number is presented in Fig. 8 for
the Weber number of 500. The increase in growth rate with
Reynolds number indicates that the liquid viscosity has a sta-
bilizing effect on the jet instability, a trend also seen in cases
with a velocity difference.5 However, it was found that the
liquid viscosity may enhance the instability of thin liquid
sheets at low Weber numbers.5'6

Surface tension effect is examined by observing the growth
rates shown in Fig. 9 at different Weber numbers. It is found
that the surface tension has a destabilizing effect when there
is no velocity difference between the liquid and gas phases
(Fig. 9a). This means that without aerodynamic interaction, the
capillary force is the only source of the jet instability, consis-
tent with the observation for a cylindrical liquid column by
Rayleigh.19 However, it is observed that with a velocity dif-
ference across any interface, surface tension is the source of
instability only at low Weber numbers (Fig. 9b). At high We-
ber numbers, the source of the jet instability is the aerody-
namic interaction between the liquid and gas phases. This is
because, as for Rayleigh instability,19 surface tension has a de-
stabilizing effect only for long wavelength disturbances. As
Weber number increases, the unstable disturbances move into
short wavelength range where the surface tension has a sta-
bilizing effect. This indicates that in atomization processes that
usually occur at high Weber numbers, the onset of atomization
is primarily because of the aerodynamic interaction that leads
to the pressure fluctuation, which in turn causes the resonant
oscillation of capillary waves at the liquid-gas interfaces.20
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a)

increases, and the occurrence of the double-value km depends
not only on the gas velocity, but also the density ratio, as
shown in Figs. 3b and 7b. Therefore, it is the inertia of the
gas stream that mainly affects the uniformity of droplet sizes
in sprays.

Different from the effect of the gas inertia on km, We and Re
exhibit monotonic influence on the dominant wave number. As
shown in Fig. lOb, km increases with We for a constant Re, and
increases also with Re at a fixed We. This indicates that both
surface tension and liquid viscosity may reduce the dominant
wave number. That is, the wavelength linked to the droplet
size in liquid jet atomization may be increased, showing that
to improve liquid atomization performance, less viscous liquid
and small surface tension fluid should be utilized in practice.

1.2

0.8

0.4

Re=50000

500

b)

1000
We

1500 2000

Fig. 10 Dominant wave number for the parasinuous mode with
a = 40.12 and U^ = 0: a) Re = 4112, We = 19.25 and b) p = 0.001,
t/,g = 2.

Dominant Wave Number
The dominant wave number km, for which the growth rate

is a maximum, is important for practical applications, because
it gives an indication of the ligament breakup length, and in
the absence of secondary atomization, a direct link to the drop
size of the resulting sprays. Therefore, the effect on km of var-
ious gas velocities, gas-to-liquid density ratios, Weber num-
bers, and Reynolds numbers has been investigated. The de-
pendence of km on various flow parameters can also be seen
partly from Figs. 2-9. For example, the dominant wave num-
ber in Fig. 3 decreases slowly for Uig < I (or Uog < 1) and
then increases quickly for Uig > 1 (or Uog > 1) with Uig (or
Uog). Apparently, the surrounding gas streams with high ve-
locities can improve the atomization performance in the sense
of reducing the droplet sizes. There are no significant changes
with the dominant wave number between the case of the gas
stream inside of the liquid jet and that of the gas outside of
the jet under the conditions considered, unlike wave growth
rate. The coflowing gas streams increase the dominant wave
number significantly when the dimensionless gas velocity is
higher than 2 (see Fig. 5).

Further results concerning the dominant wave number are
presented in Fig. 10. The wave number km is plotted with Uig
for three different density ratios p in Fig. lOa. It is seen that
at a constant density ratio km decreases slightly first for Uig <
1, and then increases with Uig for Uig > 1. Clearly, a minimum
dominant wave number occurs at about Uig = 1, showing that
the droplet size may have a maximum if the gas velocity is
the same as the jet velocity. When Uig > 1, the dominant wave
number increases smoothly with the gas velocity until a sudden
increase in km at a fixed Uig, e.g., Uig « 6 for p = 0.00129, is
reached. Beyond this point, the dominant wave number in-
creases sharply with Uig. The double value of km at certain Uig
and p suggests that broader distribution of droplet sizes in a
spray may occur at a practical condition. It can also be seen
from Fig. lOa that km always increases as the gas-to-liquid p

Conclusions
A linear instability analysis has been carried out for an an-

nular viscous liquid jet exposed to both inner and outer gas
streams of unequal velocities. Muller's method is used to solve
the dispersion relation for the temporal mode of unstable so-
lutions. The results show that not only the velocity difference
across each interface, but also the absolute velocity of each
fluid phase is important for jet instability, although the effect
of absolute velocity is secondary compared to that of relative
velocity. Coflowing gas at high velocities is found to signifi-
cantly improve atomization performance, while a low-velocity
coflowing gas stream has little effect on jet instability when
compared with the case where a gas stream of the same ve-
locity is applied only on one side of the liquid jet. A high-
velocity gas inside of the annular liquid jet promotes the jet
breakup processes more than gas outside of the jet with equiv-
alent velocity. For equal liquid and gas velocities, surface ten-
sion, liquid and gas density exhibit effects completely opposite
to those with velocity discontinuity across interfaces. However,
the viscous damping effect on jet instability always exists for
the cases with and without the velocity differences at high
Weber numbers. Atomization performance is enhanced by an
increase in the liquid inertia, density ratio, and relatively large
gas velocity, and hindered by the effect of surface tension and
liquid viscosity.
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